Supplementary Material

A Proof of Lemma 1

proved that for any -strongly convex function f(x) over K and any x € /C, it holds that
5 lx = x5 < TG — F(x)
where x* = argmin, . T(x).
Then, we consider the term A = PLl Glly , =y ,ll2- If T < 2d, we have
X
A= Glly , =¥ ,ll2 <TGD < 2dGD

t=1
where the first inequality is due to Assumption 2. If T > 2d, we have

X
A= Gly,-yll2+ Gly . —¥ wll2
t=1 t=2d+1

X
<2dGD + Glly , =y 2+ lly", =y o2+ Iy, — ¥ ,ll2):
t=2d+1

Because of (21), forany t € [T + 1], we have

lye —yille £ Fea(ye) — Feoa(yg) < / (t+2)7 =
where the last inequality is due to Fe—1(yt) — Fr—1(yf) < (t+2) .

Moreover, forany i > ¢, we have
ly*, —yill3 <Fi-1(y*,) — Fi—1(y)

* +
<t
=F , ") -F .G+ g Y, —Yi
k= .
<
< g YY", —vill2
k= 4 2

< G(@i— Jlly", —¥ill
where the first inequality is still due to (21) and the last inequality is due to Assumption 1.

Because of t' =t+d¢ — 1 > t,we have © > . Then, from (25), we have

<
Hy*t - y*t0||2 < G( © — t) = G |fk‘:
k=t
Then, by substituting (24) and (2% into (23), if T > 2d, we have 1

<
A <2dGD + GO/ (¢+2)” 2+ G |Fl+y (e+2)” A

t=2d+1 k=t
X . X
<2dGD + 26/ (+2) 2+ G2 | il
t=2d+1 t=2d+1 k=t

X ) >
<2dGD + 26y (¢—1)~ 2+ G? | Fi|
t=2d+1 t=2d+1 k=t

where the second inequality isdueto ( ¢ +2)~ 2> ( p+2)~ 2for < pand =>0.

To bound the second term in the right side of (27), we introduce the following lemma.
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P
Lemma?7 Let =1+ _||F|foranyte[T +d]. IfT >2d,for0< < 1,we have

X ) 2 3

(¢—1) P <d+—T (28)

t=2d+1 2 -

For the third term in the right side of (27), if T > 2d, we have
X =< 4 Kkl D Dk
|Fil < |Fil < [ Fil = | Ft
t=2d+1 k=t t=1 k=t t=1 k=t k=0t=1+k (29)
at TR 1
< |]:t| =dT

k=0 t=1

where the second inequality is due to
t—-1<t=t+di—1<t+d-1:
By substituting (28) and (29) into (27) and combining with (22), we have

A < 2dGD +2Gd,/” + ‘;G%FTP =2+ GUT: (30)
Then, for the term C = PtT:Sd’l Pit;j’l Glly , — vyill2, we have
s 1 Tl ol
C= Gly . —vil2+ Glly . —vill2
i= 5 t=s+1 i= .,
Ty(—l t)‘(‘l
<|Fs|GD + Gly . —y" 2+ 1y, = yillz + llyi —vill2)
t=s+1 i=,
T 1 tXl
<|Fs|GD + G V(t+2) 2+ Gi— )+ (i+2)” 7 (31)
t=s+1 i=;
TR ! T =1
<|7s|GD + 26/ (t+2)” Z+ G? k
t=s+1 i=, t=s+1 k=0
T t)’(‘l TIR1 t,+9—<t—1
<|Fs|GD + 2Gy/ (-1~ =2+ G K
t=s+1 i=, t=s k=0

where the first inequality is due to Assumption 2, the second inequality is due to (24) and (25), and
the third inequality isdueto ( ¢ +2)~ =2 > (i+2)~ 2for ¢ <iand =>0.
Moreover, forany t € [T +d — 1]and k € F, since 1 < dk < d, we have

t—d+1<k=t-—-d¢e+1<t
which implies that

|[Fel <t—(t—d+1)+1=d: (32)
Then, it is easy to verify that

tr1— t— 1< ty1— ¢=|Ff<d

Therefore, by combining with (31), we have

Tl ! ) T 72
C <dGD + 2Gy/ (-1 7+ G? ==L

t=s+1 i= . t=s
T ¢l L 2Tﬂ(—1d|]:t|

<dGD + 2Gy/ (¢—1) + G 5 (33)
t=s+1 i=, t=s
TR >t 2

=dGD + G/ (¢—1) 2+ GZdT ;
t=s+1 i=;,

Furthermore, we introduce the following lemma.
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P
Lemma$8 Let =1+ |_||F|foranyte [T +d]lands=min{t|te [T +d— 1];|F| > 0}.
For0< <1, wehave
Tl ol L 2 .
(t—1) §d+27T : (34)
t=s+1 i= , o

By substituting (34) into (33), we have

G2dT

4G )
C <dGD +2G,/ d + %Tlf =2+ (35)

We complete the proof by combing (30) and (35).

B Proof of Lemma 2

At the beginning of this proof, we recall the standard definition for smooth functions [Boyd and
Vandenberghe, 2004].

Definition 2 A function f(x) : £ — Ris called -smooth over K if for all x;y € K, it holds that
F(y) < () + (VF(x)y —x) + 5lly —x[3.

It is not hard to verify that F¢(y) is 2-smooth over K for any t € [T]. This property will be utilized
in the following.

8D?2 8D?2
= — N=0< — = -
hl FO(Yl) FO(YI) 0 = \/g m (36)

Then, forany T +1 >t > 2, we have
he(yt—1) =Fe_1(ye-1) — Fe-1(y¢)
=Ft2(yt-1) — Ft—2(y{) + ( 8¢, 1:¥t-1 — ¥¢)
<Fe-a(yt-1) — Feoa(y{—1) + { 8, 1, ¥t-1— Y1)
<he 1+ llge, oll2llye—1 — yill2
<her+ lge, 2l2llye-r —yicallz + (18 sllellyi—s — yill2
<ht-1 + Gllyt-1 —yiillz + Gllyi—1 — yell2

@37)

where the first inequality is due to y;_; = argminy . Ft—2(y) and the last inequality is due to
Assumption 1.

Moreover, forany T +1 > t > 2, we note that F¢_5(x) is also 2-strongly convex, which implies
that

q o N
lyt-1 —yi_1ll2 £ Fea(ye1) —Fea(y{ 1) < he (38)
where the first inequality is due to (21).
Similarly, forany T +1>t>2
lyt—1 — Y:”% <Fi-1(yi-1) — Fe—1(y?)

=Fe_2(yi—1) — Fe2(y0) +( 8 11¥i-1 — Vi)

< llge, 1ll2llyi=1 — vell2
which implies that

[ye-1 —villz < g, 12 < Gt (39)
By combining (37), (38), and (39), forany T +1 >t > 2, we have
h(ve ) <he i+ G Riy+ 2G* (40)
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Then, forany T + 1 > t > 2, since Fy_;(y) is 2-smooth, we have

he =F¢_1(yt) — Fe—1(yt)
=Feo1(i-1+ t—1(Vie1 — ye-1)) — Fe—1(yt) (41)
<h¢(yt-1) + (VF—1(yt-1); t=1(Vi—1 — yt—1)) + t271||Vt71 - Yt71||§3

Moreover, for any t € [T], according to Algorithm 1, we have

= argml]n< (vt — y1); VFe(y) + Z||ve — yil3: (42)
0;1

Therefore, for t = 2, by combining (40) and (41), we have
P
hy <hi+ G hy+ G+ (VFi(y1); 1(vi —y))+ Fllvi—yill

P— 2 2 43

<h;+ G h + ?G®= Di_m2 8D “3
2(T + 2)3=2 VE+2

where the second inequality is due to (42), and the first equality is due to (36) and = W.

Then, foranyt = 3;:::; ;T +1, by defining {_; =2=y/t+ 1andassuming hy_; < \/tTl, we have

he <he(ye-1) + (V-1 (ye-1)i 11 (veer —ye-1)) + (120 [vier — yeealls
<he(ye-1) + (Ve 1(ye-1)s 1 —ye-1)) + ( 1-1)?veer — yeaal3
<A - ohe(ye ) + Ceo)?lver —yeals
<(1- {1+ G hey+ 2GY)+( {_,)°D?
<W— {Dhes+ G R+ 262+ ( {)D?

2 8D? 2D? D2 4D?
< 1- + - = T - T (44)
Vi+1 Jt+1 (T +2374(t+ 1)1 2(T+2)32 t+1
2 8D? 2D? D2 4D?
< — + + +
- Vi+l Jt+1 t+1 2(t+1) t+1
2 8D? 8D?
< 1- +
N Vi+l Jt+1 t+1
1 8D? 8D?

1—

<
Vi+1l Jt+1 7 Jt+2

where the first inequality is due to (41) and (42), the second inequality is due to v¢_; €
argmin GK<VFt 1(yt—1);y), the third inequality is due to the convexity of Fi_1(y), the fourth
mequallty is due to (40), and the last inequality is due to

1 1 < 1
Vi+1l Jt+1 7 Jt+2

(45)
forany t > 0.

Note that (45) can be derived by dividing (t + 1)/t + 2 into both sides of the following inequality

VEF2V/E+1 VT2 < (VE+ 1+ DVE+H L - VE+2<t+1+Vt+1 - Vt+2<t+1
By combining (36), (43), and (44), we complete this proof.

C Proof of Lemma 3

Ianhe beginning, we define yy = argmin, Ft_1(y) for any t € [T + 1], where F(y) =
i—1(8c:y) + Iy — yill3.
Then, it is easy to verify that

X X X
<gCt 'yt — X*> = <gCt Yt — Y:> + <gCt ; Y: - X*>: (46)
t=1 t=1 t=1
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Therefore, we will continue to upper bound the right side of (46). By applying Lemma 2, we have

X X X p
(Be: vt —¥i) < lIgell2llye — yill2 < G Fe1(ye) — Feo1(yy)
t=1 t=1 t=1 (47)
<5< 2V/2GD _ 8v2GD(T +2)*
R (R 3

ere the second inequality is due to (21) and Assumption 1, and the last inequality is due to
o (E+2)717 < 4(T +2)%1=3,

P
Then, to bound Ll (8c,; ¥i — x*), we introduce the following lemma.

Lemma 9 (Lemma 6.6 of Garber and Hazan [2016]) Let {f(y)}{_, be a sequence of loss functions
and let y; € argmin,,



where the first inequality is due to Assumption 2.
Then, if T > 2d, we have

3pX 3p X
E=— Iyi-vy.l2+—= [ye =y .l
t=1 t=2d+1 (50)
<3 dD"+ —— [ye—yilz +lye =y 2+ [ly", =y 2 :
t=2d+1
Because F¢_1(y) is (t — 1) -strog;ly convex foranyt =2;:::; TS+ 1, we have
2(Ft—1(yt) — Fe-1(y7)) 2
—yils < < 51
lve —vill < D < &= (51)

where the first inequality is due to (21) and the second inequality is due to Fi_1(yt) — Fr—1(y¢) <
t-1) .

Before consideringlﬂ,y;* —y" |l2, we define fi(y) = (gc,;y) + zlly — yel[3 forany t = 1;:::;T.
Note that F¢(y) = le Ti(y). Moreover, forany x;y € Kandt=1;:::;T, we have

ITe(x) — Te(¥)| = (ge;x—y) + EHX - ZYtH% - E”Y - YtH%

= @ 0 .047 -1.495 Td [(tD]TI/F14 9.9626 Tf 3.508 h 0 Td [(D-167CD
-



where the second inequality isdueto ( ¢ —1)'~ < (t—1)!~ fort> (>1land <1, andthe
last inequality isdue to Lemma7and0<1—- <1.

By combining (49) with the above inequality, we have

P— v/ _
E <3 dD?+3dD 2 + G?%T(H )72 +3D(G+ D)dInT:
T+d-1 P t+1—1 e -
Then, we proceed to bound theterm C = i " Glly , — vill2- Similar to (31), we first
have
T !
C <|%s|GD + Gy . =" l2+lIy", —yil2*+llyi —vill2):  (59)
t=s+1 i=,
By combining (55) with | Fs| < d, (51), and (53), we have
T ! ST g S—p !
C <dGD + G 2 LA-JG*r D), 2
ot i (- D (-1 (-1
B S S e— '
~ ! 2 2(i — + D
<dGD + G 2 A= )G+ D) (56)
t=s+1 i=, (e—1) (-1
Y T !
<doD+2d6 =+ = S qai=, 206(G+ D)
- 1+ . (i—1)
t=s+1 i= ¢
where the first inequality isdueto ( ¢ — 1)~ < (i—1)'~ for0< (—1<i—1and <1,and
the last inequality isdue to Lemma 8,0 <1 — <Zl,andi— < 41 —1— ¢ <|F <d
Recall that we have defined
7= 0;if | Fe| = 0;
t {t t+1::1; 41 — 1}; otherwise:
It is not hard to verify that
U8 e = {|Fs| + L0 TH TN = 0;Vi # i (57)
By combining (57) with (56), we have
r__ r
C<deD+2d6 2+ 2 28 quv)my 246G+ D)
1+ (t-1)
t=|F.|+1
" "7 4 X 2dG(G+ D
<dGD +2d6 2 + 2 4G a4 726G+ D) (58)
- 1+ (t—1)

t=2

r__ r
<dGD + 2dG £+ 2 4G T+ ):2+2dG(G+ D)(1+InT):

1+

P
Next, we proceed to bound the term A = Ll Glly , =¥ ,oll2. Similar to (23), if T > 2d, we have

X
A <2dGD + Glly . —=y"lla+ 1y, =¥, 2+ ¥ =¥ wll2)

t=2d+1
S

2 +2(t°*t)(G+ D)+ 2

<2dGD + G
- (e—D- (v—-1)

t=2d+1




P
Lemma 10 Leth, = | |F|. If T > 2d, we have

X <
@§d+dm:

t=2d+1 k=t K

By applying Lemmas 7 and 1.Q_to (59)l§_nd combining with (22), we have
2 2 4G N 2G(G+ D)d(1+InT).

A <2dGD +2dG = + —1TT(1+ )=2 (60)

Finally, by combining (58) and (60), we complete this proof.

E Proof of Lemmas 5 and 6

Recall that F y) defined in Algorithm 2 is equivalent to that defined in (12). Let fiy) = (g.,;y) +

11RO Fry) are (G+ D)-Lipschitz over K (see the definition of Lipschitz functions in Hazan
[2016]). Then, because of VTiFapggq. =, it is not hard to verify that decisions y1;:::;yt 1 inour
Algorithm 2 are actually generated by gerforming OFW for strongly convex losses (see Algorithm 2
in Wan and Zhang [2021] for details) on functions f; Tg60: : ; fry) . Note that when Assumption 2
FiHae0: :; Fry) G’
——e—— Lo

into the above inequality.

15860 :; T+ Tgb0
G’-Lipschitz, Theorem 3 of Wan and Zhang [2021] has already shown that
X X 2(G'+ D)2T®3  2(G'+ D)2InT
188051 fipasael o2+ O DINT L g,
t=1 t=1
: T . % " _ PT P
We notice that ~ (_;, (gc,; ¥t x ) — syt x 13 = e Feye I:l fixt) Therefore,
—— — T 200909090
g1 d+1 T>t>2d+1
— |:)tfl - l:)dJrl : R . .
that ( =1+ - |Fi|>1+ ;I |Fi| > 2. Moreover, foranyi > 2and (i+1)d>t>id+1,
—————————

,—d (T P ede

Tlf =2



where the first inequality is due to ( ¢ — 1)~ =2 < 1 for
isdueto (61)and = 0.

G Proof of Lemma 8

Ptfl
Because of =1+ ;_; |Fil, we have
T)(—l t

t=s+1

> 0and ¢ > 2, and the second inequality
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