Supplementary Material: O(logT) Projections for Stochastic
Optimization of Smooth and Strongly Convex Functions

Lijun Zhang ZHANGLIJQMSU.EDU
Tianbao Yangf TYANGQGE.COM
Rong Jin RONGJINQCSE.MSU.EDU
Xiaofei Hef XIAOFEIHEQCAD.ZJU.EDU.CN

Depart ,ent of Co ,puters cience and Engineering Michigan« tate  niversity East Lansing MI s8™ oA
tGE G oba Research «an Ra ol CAoz 83 o A
ias tate Key Laboratory of CAD &,CG Co ege of Co  puters cience Zhedang mversity Hangzhou 37007 China

A. Proof of Lemma 1

need the fo owing e . .a that characterizes the property of the extra gradient descent

Lemma 8 Le .. a 37 m Ne n%rovsﬁ 200 )). Let Z be a convex compact set in Euclidean space £ with inner
product (-,-) Vet || - || be a n¥rm on & and || - || be its dual norm, and let w z) Z— R be a a strongly convex
function with respect to || - || The Bregman distance associated with w for pothts z,w € Z is de ned as

B, z,w)=wz)—ww) —(z—w,Vw w)).
N N < ~
Let U be a convexr and closed subset of Z, and let z— € Z, let §,m € £, and let v > O Consider the points

w = arg BALH{WE —Vwz_)y)w wy)}
y ~ A

2y = arg gn{(m — Vw 2_),y)+ w y)}.
y B% X A ¢
Then for all z € U one has
7 a
(w—2,9n) < By z,2-) — By 2,2 )% —|In—€&* = {[|w — 2|+ [z, — w|*}.
4 Y a Dy

Proof of Lemmal *e rst state the mner oop m A gonith .7 be ow
fort =7 to M do
Co .pute the average gradient at wF over B¥ ca s to the gradient orac e

Bk
gt = ﬁzg ‘VVVf’i)
i=1

pdate

z; = Pp(wi —ngr)

Co .pute the average gradient at zF over B ca s to the gradient orac e
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pdate
Wf+1 = }(Wf - 77ftk)

end for

N

[N
08} . p ify the notation we de ne
gi = VF wP) and ff = VF z}).
< Y

Let the two nor s || - || and || - | m Le . ag be the vector £, nor .. Each iteration m the mner oop satis es
the conditions m Le _.a ¢ by domg the  appings be ow

' 2 1 k k k k k
U=Z=E+ D, W\Z‘M—;HZH a7y, - =W, gl e, Wz, 2w,z w

Fo owmg Le . a¢ we have

(2 —w . fy)

[wh—w [ Jlwhyy —w |2 e
ol =W IE e 2 T gl — g2 — < flwh — 22
[wh—w [ Jlwhyy —w |2 v
W Z WD Wm0 (g - g2 8 P ek - ) — w2

3 77)
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Iwh = w [ why, — w2 v
Cwe—w P _ Jwin w30 (llgh — b P 6 — £52) 4 3iPL2wh — 2| — [lwh — 2b”
[wh—w 2wk, —w |

2
< w307 (llgf — il £ — £11%),
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Dividing both sides by M and fo owing Jensen s mequa ity we have

( 3)-ry

Zth,—Fw,
A {
<||W1 w |]? 2 £k _ gk2 'TMfk £k gk A o k 2
_W Z”gf*g“‘hZHt*t” ‘“Mt_th*tvzt*W>*‘)‘Mt_Zl||Zt*W”~
Tr)‘>
A {

which gives the rst mequaity m Le a7

Let Ex—1 - denote the expectation conditioned on a the rando jness up to epoch k —7 and Ez_i - denote
the expectation conditioned on a the rando jness up to the ¢ — 7 th iteration m the £ th epoch aFng the

conditiona expectation of 72) we have

;M
Fl— zk
()

||"V]1€—W||2 3n - k k k k k k
<o |\ 2o B [l el ZEk o[l — £5117] ZEk 1 [ — £ 2 —w )]

‘)‘MU

—Fw)
X

t=1
13)
a k k|2 X
where we drop the ast ter . smce it 1s negative o bound Ex—1 [[|gf — gf[|?] we have
B* 2 2
Er—1 [llgf — &flI”] = Ex— HBk Zg gf,i) —g/|| | =Er HBk Z (g V:f i) —gf)
=1 . =1 N
; B*
‘ ko k|2 -1 ko k -1 ko k )
:W ZEk—l [Hg \V{Vtal) — g H }* Er—1 Z<E2 [g \‘;ﬁﬂ) - gt] 7E11‘; [g \‘;‘QJ) _gtD ~"
i=1 i=j : : \
i 2
] e 6112 G
~pre | B [le gt -l ) <
i
where we ﬂ‘g)-e use of the facts g yv,’f ,i) and g w¥,j) are mmdependent when i # j and
Ez_l [g V:f,l) _gf] = .7 Ez_l |:||g v:fﬂ) _gﬂﬂ < Et ! [”g thl || ] < G2a Vi = 77~-~7Bk~
%1 dary we aso have ‘
G2
kE_ ¢k .
Ep—1 [Hft - ft ||2] < ﬁ \()
Notice that ff 1s an unbiased esty aate of fF thus k
B (68 — 86,2 — w )] = ooy (B £ — €] 2 —w )] = &
& ubstituting 7 ) 7 ) and w”\ mto 73) we get the second mequa ity i Le el | O
. \( ( <

B. Proof of Lemma 4

k
Reca that gf = 3¢ Zf;l g wr i) thus
A {
, BF
k ‘ ko k
lgf —gfll = ﬁzggt, ) — gf
i=1 X
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oce ||g :v(f,z)H <G and Eg v:f,z) = gl we have with a probab ity at east 7 —§

gt —
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C.2. A >nG?/ \B*
s dar to the above proof on event F; we bound

. T ek 0 c? A
28| < I = £5 0112 = w [ < SIIEF = €517 =l2f —w |2 < % —,

where ¢ can be any nonnegative rea nu .ber Denote the su . of conditiona variances by

M M
M= BTN 2P <)z —w P = CPA4,

t=1 t=1

where E}i—l - denote the expectation conditioned on a the rando  ness up to the ¢ — 7 th iteration m the k th
epoch

a4

a
Notice that A the upper bound for | ZF| and 2, 1s a rando syariab e thus we cannot direct y app y  heore m§

o address this cha enge we n@ﬁe use of the pee ing techmque described i Bart ett et a 200 ) and have
A {
M \
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where
M B*
n=/,o
g2 77>\ ’
and the ast step fo ows the Bernstemn s mequa ity for artingaes n heore m? o etting
3\
0 = —,
i
. n
T = og —,
0
with a probaby ity at east 7 — 5 / we have
M
> 2
t=1
c? 04 ez, aA ;
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*e co ,p ete the proof by co .bmmg ;) and i)
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D. Proof of Lemma 7

fo ow the ogic used i the proof of Le . .a

It 1s straaghtforward to chec®™ that

BY = anxbTt = LWGQ.

Vi
&hen k=7 with a probabyity 7 — 5)1_1 =7 we have
A ¢
1) 2.2 G?
‘ 1 )\ )\r)‘

Assu e that with a probaby ity at east 7 — 5)’“_1 r < Vi for so o8 k>7 Vie now prove the case for k4 7
Notice that N de ned m ) 1s arger thar¥n de ned m ? 0) Fro .lLe . .a '/ With a probabiity at east 7 —
we have A { A

A
[wi —w [|7, 700G%*;" 2gM G* . r ogM N 2 N
< — & " < — & - =
ST ey B 5 T ABM R A BRI
00 MV, i M N N Vi
<—k—h 0g287i+ [q-h /! OgQST (og — " — 0g2 z ):l i
o} 0 8 e} 0 o’ 1) 8
smg the de mition of @ m 3) with a probabi ity at east 7 — 6)F we have
A { A {
w1 < —Viw —Viw =V = ;Vk = Vi1

8 8
E. More Results for the Regularized Distance Metric Learning

0.7605

: 0.6755 .
---SGD '
0.761 ——EP_GD|| |
—logT 0.675} Y
0.7595¢ \
= 0.6745! .
= 0.759 '
0.7585} 0.674; .
0.758 0.6735 h
10° 10° 10° 10’ 10°
Time (s)

(a) Mushrooms



