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Abstract

A though there ex st p ent fl theores of'® prcd rs¥ ¥ zagon E 3\4) for superv, sed¥ ear
nng current theoret cd understand ngs of E li/l for a P& ated prob® ystochast, ¢ convex 05“
zaton , COp areT'r _ted_In th s wor » we strengthen the re¥% of E %/I for, CO by exp o tng

"s ootﬂness and strong convex ty cond tons to¥ prove the r Sy bounds _ F’rstv we estab_sh an

O(d/n + /F./n)
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where H = {h : X - R} sahypothess & ass (x,y) X X R_san_ nstancel abé parsh Bed
f adstbutonD» and (+,-) : R xR - R_s certanlf oss_In ths paper w& a iy focus on
the convex vers,on of , ) ot &y stochast ¢ convex op¥ ,zaton , COp where both the & anW
and the expected fundgon F (+) are convex 7
e & asg cd approaches for sd v, ng stochast ¢ o'p ¥ _zaton are stochast c appro¥ aton  A)
.Kushnerand Y,v ~ 3)andthe & B e avegage appro¥ aton, AA) thd atter of whch sd dor,
Yferredtoase prcd cs¥ ¥ zaton E M), nth¥ ach/neﬂéarn/ng?(?'r un ty, \apn, -+ 99 )
J¥ e both, A and E %/I have been edtens, v8 y stud,ed n recent years _Bart ett And Mendé son

, Baett et & » S Ne _rovs et &, 9, Mol _nes and Bacth .., Hazan and K &
vw, wlh netd . , ,Agarwd etd . , ,Bach and Mok nes .3, Zhangetd . ,3b,
Mahdav, etd . % ost theoret,cd guarantees of E wM are restr cted to superv,sedf garn ng_n

. )_Aspontedout,nae ,nd wor, of hdev, hwartzetd . 9) the success of E WM for su
\perv, sedl earn, ng cannot be d redt y exténded t& stochast c op¥! _zaton_Actull y hk ev, hwartz
etd . 9) have construcged an_ nstance of, CO that,sf earnab e by, A but cartnot be 8 ved by
E W L teratures about E wM for stochast ¢ %ﬁk ,zaton n& udng €O0) are qutd¥ ted and we
sflV ac a fll understand ng of the theory _ \ 5
In i/l we are g ven N functons fy,...,f, & ped ndependenty f» P and¥ 3 n
% _zean® prcd obectve functon.

min E(w) = 3 fi(w). )

wew n i1 (

Letw argmingcy, IE(W) be an® prciy ¥ P he perfd ance of E %/I;} easured _n
t& s of the excess Ls, dé ned as

F(w) _vE%i]l/lV F(w).

_ tate of the art s, bounds of E LY .n& ude. an O(,/d/n) bound when the rand® funct on f(-)
>_s L psch tz cont nuous where d_s the & ens ond ty of w, an O(1/An) bound when () s A
stron§ y convex , hd ev, hwartzetd .  9), and an O(d/nn) bound when f(-)_ sn exponent & y

concave N exp oncave) ,Mehta o) F% exstng studes of E m for superv, sedF earn ng
Crebro &t X, \
{
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Tal§ e, -, ®¥ ary of Excess ; s, Bounds of E g\/l for, CO_AV bounds hd d w, th b, gh probat¥ ty
> except the ond ar ed %y * wh ch hd ds_m expectat on_ Abbrev, at ons. bounded — b
convex — © genert/ zedV jnear - §, L pschtz contnuous — L p nonnegatve — nm

strong y convex — sc% ooth —% » 1 exponent & y concave — I exp _

() ﬁ() F() ;S‘_ Bounds
O(. /4
_ hdev, hwartzetd . 9) Lp O(y/7)
5 5 | Lp &sc O(%)*
Mehta ) nNexp&Lp &b 6(%)
t : : —
TheO} . m & c &% Lp O(%+ %)
(4 4 KFs
The('ﬂ'c 3 nn & ¢ &% Lp & sc ) O;n+ ) N
s wor, O(5,z + %) when n = Q(kd)
. . 5(Ed 4 £Fey _ §(rd
__heot® - nn &% c sC O(F +57) =0O( n)
' O(5iz + 2£%) when n = Q(K2d)
&4 kEY Ok
__heot® 5 mé&% &§ c sc O(; + %) =0(3)
' O(5z + “£=) when n = Q(K?)

= _hen f(-)_s both convex and'% ooth and F () s L,psch tz cong nuous we estab_sh an
Oaﬂ/n + /F«/n) Ls, bound_cfiTheo‘I'e +)_ In the op¥ _stc case that F*/s:'s y,
_e» F. = O(d*/n)y we obt@n‘an O(d/n) s, bound whch s and ogous to the O(1/n)
op¥ _stcrate of E &\/I for superv, sedf earn,ng ~ rebroetd » , )_

e If F(-)_s &so A stron§ y convex: we prove af O (d/n + KF./n) rs, bound and¥ prove
_tto O(1/[An2] 4+ KF,/n) when n = Q(kd) cf _heott ?) _hus fn, s argeandF, s

% N, e.F, =0(1/n) we get an O(K/n? tsb bound: wh ch to the best of ourbnovV edge
_s thed rst O(1/n?) type of s, bound of E WM

 hen convex ty s not present,n f(-)> asl ong as f(-) ,s% ooth F(-)s convex and F(-) s
strdnd y convex: we sfi obtan an¥ proved Ls, bound of O(1/[An?] + KF./n) when n =
Q(k?d) whch wit furthety §yan O(k/n?) s bound, fF, =0O(1/n) cf, heote 3

e Endl y we extend the O(1/[An?] + KF../n) Ts Bound to superv, sed earri ng w, th a genera
I zed near {3 _Our and ys s shows that n th's case thel ower bound of n can be rep aced
w,th Q(k?) whch_ s & ensond ty .ndependent cf heoe _)__ hus thsresd t can be
app_edto m nte & ensond cases e g earn ng‘w/thlbern& s

2. Related Work

In th s sect on we g ve a br ef  ntroduct, on to prev, ous wor, on E %/I_



ZHANG YANG JIN

2.1. ERM for Stochastic Optimization

As w& entoned eaF_er there are few wor s devoted to E :\/I for stochast c op¥ _zaton_ hen
W R? s bounded and f(-) s Lpschtz ‘f:ont nuous, hd ev, hwartz et i 9) e onst
that If( ) converges to F (w) un, ﬁi F'y over W w, th an~O(\/F n) error bound that hé ds w, th
h gh probat¥ ty¥ §y ng an O(,/d/n) s, bound of E 3!\/1 _hey further estaB_sh an O(1/An)
rs, bound of E wM that hd ds_n expectat on when () s A sltrong y convex and L psch tz con
tnuous tochast c 05“ zat,on w, th exp concave funct gns s stud ed recent y Koren and Levy:

C Y Yind Mehta ) proves an O(d/ nn) bound of E 3\/] that hé dsw,thh gﬂ robat¥  ty when
f(:) snexp conchve L _ psch, tz cont, nuous: and bounded ~ Lower bounds of E ¥M for stochast c
OB!‘ _zayon,s nvest gated by FE% an_ s who exiyb ts ) & ower bound of Q(d/ %) e 15 e

& Bexty for un, f&' convergence thak neaF ¥ atches the ﬁlpper und of, hd ev, hwartzet & _

. 9, and ) al ower bound of Q(d/ ) % pec® Ppexty of E i/l wh’ch 35 Catched by our
O(d/n + \/F./n) bound when F,_s% & _

2.2. ERM for Supervised Learning

,¢ note that there are extens ve stud es on E %/I for superv, sedF earn ng and hence the rev,ew
here s non exhaust ve In the context of superv, sedV earn ng the perf?i' ance of E(i/l s osé y
& ated to the un, ﬁi‘ convergence of F () to F (-) over the hypothes, s & ass H K@ tch, ns wh
In fact un fdr convergence s a sufi c.ent cond ton forl earnab¥ ty  h& éV hwartz and Ben
Dav,d ,4pand_ ns® especd casessuch asb nary & assi caton ii SO ahecessary cond, t,on
. ‘E;EIL Y v99 ) The accuracy of ugﬁ convergence» as wl  as the qud_ty of the® p/r/ci
_1¥ _zer can be upper bounded n t& s of the b P ex ty of the hypothes s & ass H>_n& ud ng
data_ndependen® easures such as the .VC“(!’ ens,on and data dependen¥ easures such as the
adt acherch Pexty_

Gener¥ y spea ng when H has? nte C} ens,on the excess s can be upper bounded
by O(v/VC(H)/n J, where VC(H)_s the . %‘d‘ ens,on of H _If thel os‘s’\} -)_s L psch tz con
t nuous w, th respect to_ts" rst aré'lr ent We have a bound of O(1/ n + R,(H)) where
Rn(H) s the m@ acher & pexty of H. _ he va& acher % Pexty typcll y sch eg/as

R,(H) = O(1/ n) eg. H contansl near fllmct/ons w,thf ow nd& % B yng an O(1/ n)
rs, bound_pBark ett and Mend& son ) - here have been ntens ve efforts to der ve rates faster
than O(1/' n) under var ous cond tons Lee et & » , 994, Panchen o ,Battettetd » 5

Gonen and hi ev, hwartz . o) such A9 ow nose, . syba ows 4)% oothness  rebroetd »
v ) strOng convex x,ty rdharanetd » op toﬁ'& eafew¥ ongsh any_, peé:l cq y when

the rand¥ _functon F(}) s nonpegat ve and % oothr | rebro et & , ) hae estab  she \;1 arLs

bound of O(R%(H) + R,(H) F.) reducng to an‘O(l/n) bounﬁ fR,(H) = O(l/ n) an

F. = O(1/n)_ A generd_zedl near far of ) s studed by L dharan et & Oy and a Ls,

bound of O(1/An) s proved  f the expected fdnct onF (- ) )\‘strong y convex | i

3. Faster Rates of ERM

e rst_ntroduce & the assh ptons used  n our and ys s then present theoret ci resd ts under
d fferent ® b natons of tAe > and® n¥ y d scuss a spec & case of supery, sedl earn ng _

A 7

,rhe/r excess s, bound, s for a regll ar, zed® pred s:r ¥ zer_
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3.1. Assumptions

In the f& ow,ng we use - to denote the 5 ndx of vectors_

Assumption 1 The domain W is a convex subset of R and is bounded by R, that is,
w <R, w W. 4)
Assumption 2 The random function T () is nonnegative, and L-smooth over W, that is,
H f(w)— f(w')HSL w—w , w,w W, f P )
Assumption 3 The expected function F (+) is G-Lipschitz continuous over W, that is,
IF(w)—F(w)|=sGw—-w, w,w W. ')

Assumption 4 We use different combinations of the following assumptions on convexity.
(a) The expected function F (-) is convex over W.
(b) The expected function F (-) is A-strongly convex over W, that is,

A
Fiw)+ F(w),w —w —1—5 w—w?2<F(Ww), w,w W. .
{
(¢) The empirical function If() is convex.
(d) The random function T () is convex.

Assumption 5 Letw, argmingcyy F (W) be an optimal solution to (1). We assume the gradient
of the random function at w is upper bounded by M, that is,

fw,) =M, £ P 8’

»

Remark 1 Erst note that Assumption 4(a)_s¥ P _ed by ¢ ther Assumption 4(b) or Assump-
tion 4(d)y _ and Assumption 4(c)/§'; B _ed by Ass_umption 4(d) _ econd the® oothness assk p
tonof F(-)% B _es the expected functon F(-) s L% ooth By Jensen s nequd ty we have

H F(w)— F(w’)HSEprH f(w)— f(w’)HSL w—w , w,w W,

z

Y Jaby the® prcd funcgon F(-),s&s0o L% ooth - he condition number K of F (-) s d& ned
>astheragobetween Land M e K=L/A=1_

3.2. Risk Bounds for SCO

L& st present an excess s, bound under the% oothness cond, t on _
Al

b
Theorem 1 Forany 0 <9 < 1/2, € > 0, define

C(€,5)—2<log§+dlog6f>. 9
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Under Assumptions 1, 2, 3, 4(d), and 5, with probability at least 1 — 20, we have
F(w) —F(w.)

2
_16R LnC(e,é) . SRM lsg(2/6) +8R\/
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Remark 3 - he rst part of Cordl ary 4 shows that E 3M en oys an O (d/n+KF./n) rs bound
for stochast, c op¥ _ zat on of strong y convex and% ooth funct ons_In thd _ terature: th® ost %

parab e resi t_s the O(1/An) rs bound proved by, hiev, hwartzetd . 9) but w th str, ng
d fferences h gk ghted n_abe,  ncethers boundof>hdev, hwartZletd = 9) s, ndepen
e 4 {

dent of the & ens ond ty > ’ s

>
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Remark 6 C% parng the second part of Cordl ares o and 4 we can see that the rs, bound
_s on the ¢ e order but thel ower bound of n_s_ncreased by a factor of K_;It s _nterest ng to
¥ entonthatay Jar phen® epon 4 so happensn stochast c appro¥ aton_ wcent y a var ance
reduct on techn que i ed, v, Johnson and Zhang  , 3) or EMGD Zhangetd . , 3a) was
proposed for stochagt, ¢ 05&‘ _zat,dn when both flf grad ents and stochas} ¢ grad ents are aval ab e
In the and ys s, % assh es the stochast ¢ funct on s convex: whi e EMGD does not_Fi% the r
theoret, c& reM ts' we observe that the _nd,v,dud convex tyl eads to a d fference of K factor_n the

& pedd Pexty of stochastc grad ents

3.3. Risk Bounds for Supervised Learning

If the cond t ons of _heot® 3 or_ heoi® are sat 8 ed we can drect y use the  to estab_sh
an O(1/[An?] + KF./ n)rs bound for superv, sedl earnng_However ¥ a of¥ _taton of these
theot® s_s that thef ower bound of n depends on the & ens,ond_ty ¢ and thus cannot be app_ed
to,m nted ensond cases e g: ernd¥ ethods  chd opfand¥ &a ) _In th s sect on we
exp ot the structure of supery, sed" earn, ng t& aﬁ: the tl!feory“(fgS ens ond ty ndependent

4%\ focus on the generd  zed near f{& of supery, sed earn ng-

T
2

min F(w) = Egyn [ (w,x,y)]+r(w), o7
where ( w,x ,Yy)_s thel oss of pred ctng w,x when the true target s y» and r(-) s a reglh ar,
zer Gvenntrannged® Pes (x1,Y1), ..., (Xn, Yn) ndependent y & Ped b D» the® prcl

ob ectve s
~ 1 &
min F(w):—z (w,x; ,Yi) +r(w).

wew n 4
=1

n

H(W) = Eixgpon [ (wox,y)] and A(w) = =37 (wxi )
=1

£ de ne
»

to capture the stochas;c?b ponent _
Bes des 4(b) and 4(c) we ntroduce the f& ow,ng add t ond assk ptons _ . abuse the S e
notaton - to denote the n& _ nduced by the nner product of a HI bert space _

Assumption 6 The domain W is a convex subset of a Hilbert space H, and is bounded by
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Assumption 10 Ler w,  argmingcyy F (W) be an optimal solution to (17). We assume the
gradient of the random function at W is upper bounded by M, that is,

(w,x,y) <=M, (x,y) D. )

»

. v . (
Remark 7 __ he above assh ptons & ow us td od®* any popd arf osses ;} ach nel earn ng

such as regl'ar zed) squarel oss and regh ar zed)V og st cl oss _ Assumptions 7 and 8% Py the
rand® ‘funct/ on (x ,Y)s BDT'S‘ ooth over W’I‘O see th s for any w, w’ W, we have

H (w,x,y)— (w,x ,y)H:H "(w,x,y)x—/( W’,x,y)xH
ié'D| "(w,x,y)— "(w,x ,y)|‘S'BD| w,x — w,x |‘2[3D2 w—w

By Jensen s nequd_ty H(-)_ s 4 soBD?% ooth Not ce that BD? s th¥ odd us of% oothness of
H(-)» and A_s th& odd us of strong convex ty of F(-)_ _th a §_ght abuse of notat on» we dé ne
L = BD? and the cond ton t® ber K as the rat o betweeh L and &, e» K = L/ZA_En¥ y we
note that the regll ar zer r(-) coll d be non-smooth 3

_hfi\ have the f& ow,ng excess s, bound of E %4 for superv, sed earn, ng_

b
Theorem 7 For any 0 < b < 1/2, define
c—4 ( \/21 2logy(N) + logs(2R) ) , 3
0 {
H, =H(w,) =F(w,) —r(w,). 4)

-_—

Under Assumptions 4(b), 4(c), 6, 7, 8, 9, and 10 with probability at least 1 — 20, we have

R M +P L 4R?L2C? 4RMlog(2/3) = 8LH, log(2/3)
F —F(w,) = —, :
(W) (w.) < max < nZ ' ond A n * An .
. )
Furthermore, if {
1 L2 2
> Lct 16Kk2C?2, )
A2 i
with probability at least 1 — 20, we have
. M+P L 8MZ2log?(2/8) 16LH,log(2/3)
F(w) — F(w.) < max <n2 + ond’ nZ + N . { )

Remark 8 - he rst part of _ - heot® - presents an O(k/n) rs bound: ¥ Jarto the O(1/An)
rs bound of, rdharan et & 9 . he second part_s an O( 17 ANn?] + kH, / n) rs, bound and
_n %h s caser fhd ower bound df n_s Q(‘K2) whch s& ens oni _ty_ndependent _ hug’ heot®
can be app _ed even when the & ens ond_ty s m nte Generil y spea _ng the r'egll arI zerr(:), s
nonnegat ve and thus H, < F*_ o the second bound, s even better than those_n_ heo?'e s 3 and
“_Endl y we note that_ he(ﬁ'e Y 4 sholl d be treated as a counterpart of heo?e > for superv, sed
F earn ng because both of e do not ré y on the nd v, dud convex t}lf’ > Assumption 4(d) _
Orfé‘ ay wonder whether t_s poss B e to der ve a counterpart of heo?e 3 that s whether t_s
poss B e to u  ze the, nd, v, dud convex ty to reduce thdd ower bound of n by a factor of K _ el
_nvest, gate th s quest on as a future wor, _ Al

3_For brev, ty we treat C as a constant because t oR y has a doubld ogar:t'fr _c dependence on n _
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4. Analysis
. here present the ey_dea of our and ys s and the proof of 7 heot® - he'® _tted ones can be

fouhd  n append, ces

4.1. The Key Idea

By the convex,ty of F (-) and the op¥ 4ty cond ton of W ,Boyd and andenberghe:  4) we
have (
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Lemma 1 Under Assumptions 2 and 4(d), with probability at least 1 — &
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where thdl ast step s due to

~ _ ~ 2 ~\
@ —w. \/LC(£,6)(F(W) F(wy)) < LC(g,d) w—w, N F(w) F(W*), 19
n 2n 2 t
~ 2
& —w. LC (g, 9)Ge < LC(g,d) w—w. n E 20)
n 2n 2
Fi%b | 34) we get
\
1 ~
5 (F(%) = F(w.)
2L W — * 2 W — * ~ *
- C(g,d) w—w n 2M log(2/3) W —w b o —w. 8LF. log(2/0)
n n n
L W — *
Lole w—w. +%+ C(£,5)8nw w
9 8R?2
is8R LE(E,B) N 4RM 12g(2/6) LR 2LF, lzg(2/6) n <4RL N % n 2RLCrI](8,5)> e

whehy poes . ).
{

5. Conclusions and Future Work

In th s paper we study the excess LS, of E %/[ for, CO_Our theoret,cd resd ts show that t_s
poss B e to ach eve O(1/n) type of rs, bounds un&er») the® oothness and% &% ¥ & s
condtons e heot® ) or ) thé% " oothness and strong convex, ty cond,t ons} e the rst part
ofT heote Us 2 5 and 7’;} dre exc t ng resd t_s that when n dJ arge enough E WM has 0(1/n?)
type of s bounds under the'® oothness> strong convex ty ands M % 2 LS, condtons , e>
the secon(i! part of __ heo® s? < and_)_ N

In the context cl)ﬁ CO there Te a/i any open prob¥ s about E 3\/[4

, _ Our current resl ts are restr, cted to the HI bert or Eué  dean spaces because the® oothness
and strong convex, ty are d@ ned_ ntd softhe o nd _ e wl extend our and ys s to other
2ch etr es_n the future

_A¥ entoned, n Remark 3- under the strong convex, ty cond, { on ad ensond ty ndependent
rs bound e g» O(K/n) or O(1/An)s that hd ds w,th b gh probat¥ ty s sdf% ssng

3 _Asdscussed n Remark & t_s und ear whether the convex ty of thel oss can be exp o ted
to¥ prove thel ower bound of n_n the second part of _ heot® - 1deM y. we expect that
n = Q(K)_s sufi cent to dd veran O(1/[An?] + KH*/nI) rs bound_

4 - he O(l/ n?) type of s, bounds requ re both the® oothness and strong convex, ty cond, t,
ons_On¥ ay_nvest gate whether strong convex, ty can be r& axed to other wea, er cond, t ons
such as exponent & concay,ty Hazanetd . ).

Endl y as far as we R there are'no O(1/n?) type of s
A)_ _‘e\ Wil try to estal sh such bounds for, A_

k)

b bounds for stochast ¢ appro¥ at on
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Appendix A. Proof of Lemma 1

L& ntroduce Y a of¥ 4eandZhou )
~ 3 {7
Lemma 3 Let H be a Hilbert space and let & be a random variable with values in H. Assume
§ <M < oo almost surely. Denote 6%(§) = E [ 13 2}. Let {&;}" | be m (M < oo0) independent
drawers of &. For any 0 < 8 < 1, with confidence 1 — 0,

. fj & — B[E]] ‘ < Mog2/0) V 202(F) log(2/0)

m m
»e{\l rst cons der av xedw N (W, é:)g _nce f;(-)_s LS ooth we have

~
I

-’
fiw)— fi(w,) €L w—w, . 3)

-—

Because f;(-)_s both convex and L% ooth by( o 7' of Nesterov( 4), we have
f;(w)— fi(w,) ><sL(fi(w)—Ffi(w,)— Fi(w.),w—w, ).
38 expectat on over both s des» we have
E fi(w)— fi(w,) ?|<SL(F(w)—F(wy)— F(w,),w—w, )<L (F(w)—F(w,))
where thd ast_ nequd ty f&8 ows f» the op¥ 4ty cond tonof w,_ e»

F(we),w—w, =0, w W.
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F& ow,ng ¢¥ a3 w th probaty_ty aff east 1 — & we have

~

| Fow)= Flw)—[ Fw)— Fw.)

F(w) = F(w)= =3[ fi(w) - fi<w*>]H
i=1

2L w—w, log(2/8) \/2|_(F(w) — F(w,)) log(2/3)
n n
s obtan Y a, byta_ngthe unonbound over @ w N (W,g)__othsend we need an
up}‘er bound of the cover,ng it ber [N (W, €)] !
Let B be an un,t bAf of d & ens on and N (B, €) be, (s net w, % % & cardnd ty Accor
d ng to a standard vé¥% e parsonargk ent Pser ,9 9) we have
\

log|N (B,¢)| = dlogz.

Let B(R) be a bd¥l centered at o gn w,thradus R _ _nce weassk e W  B(R)_t f8f ows that

log N (W, &)] < log |N (E<R>’§>\ = dlog?

where thed rst, nequd, ty, s because the cover ng i¥  bers are ¥ ost), ncreas ng by, n¢ uson P an
and ershynn % 3_))_ ( |
v (

Appendix B. Proof of Lemma 2

+0 appy De¥ a3 we need an upper bound of E | fi(w,) ?
nonnegat ve ft6 ¥ a4, of rebroetd . . ) we have
5

(

. _nce fi(*) s 'S ooth and

e

ol

and thus
E[ fi(w.) ?] S4LE[f;(w.)] = 4LF,.

F% Assumption 5 we have fi(w,) <=M . hem accord ng to Y a3 w thprobaly ty at
Feast 1 — & we have

~

| Fow)— Fow.)

< 2M log(2/9) n 8LF, log(2/5).
n n

= H F(w.)— fi(w.)

Appendix C. Proof of Theorem 3

7 he proof f8 ows the & o og c as that of,l, heott , ®nder Assumption 4(b) L) becw es
(
A
& 2
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>

_ ubsttutng 3 pand 33) nto 3 %’ w, th probal¥ _ty aff east 1 — 23 we have
{ { {

b}

2

N | >

F(w)—F(w.)+

W — W,

o~ _ 2 o~ _

_ LC(ed) w—w. ? P \/LC(s,a)(F(w) F(w.))
n n

n 2M log(2/0) W — w, R 8LF.log(2/0)
n n

Lol W—w. + W—w. LC(sr,]B)Gs N LC(s,B)snw—mk

'
O Prove, » ) we subst tute 3 34) and
\ ( \

8LF. log(2/9) - 4LF,log(2/8) A
2

2
n B An +

W — W, W — W,

_nto 39) and then obta n

-—

(F (W) = F(w.))

2LC(g,8) w—w, 2 N 2M log(2/0) w — w, N 4LF, log(2/3)
n n AN
Ge LC(gd)e w—w,

+2le w—w, +— +
2 n

DN |

IA

4 SR?
- 8R*LC (e, 0) n 4RM log(2/9) n 4LF, log(2/9) n <4RL n % n 2RLCr2](8, 6)) ¢

n n AN

whehy §oes )
0 prove, {3), we subst tute
|

o —w \/LC(E,é)(F(vAv) —F(w.)) _ 2LC(&8)(F (W) — F(w.)) N A
¥ n - An 8
2M log(2/6) W — W, 16M2log2(2/6) +A P

An2 16

2Le w—w,

s 32LC86 +L N
\/ 128
A

£6£w W 32L2C()2+
n AnZ 128

Y7

-—

39)
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/nto( 39) and then obta n

F(vAv)—F(w*)+% w—w, ?

LC(g,8) W—w, 2 2LC(g,8)(F(W) — F(wy)) = 16M?21og?(2/8) = 64LF,log(2/8)
< + + +

n An AnZ2 AN
N 64L%e?  32LC(g,8)Ge N 32L2C2(g)e?
A An AnZ2
SN 9 1. 16M?21log?(2/3) =~ 64LF, log(2/3)
(< — — — —
=, V-w + 2(F(W) F(w,.)) + A2 + N
2o2
+ 64';\ & 8Ge + 2Ae?

whchy Bes . 3)_
{

Appendix D. Proof of Theorem 5

thout Assumption 4(d) Y a, wh, ch, s used n the proofs of _ - heot® s, and 3 does not hd d
aﬁ}\ ore_Instead: we WiT use the f8 ow, ng vers on that ol y r& es on the® oothness cond, t on

Lemma 4 Under Assumption 2, with probability at least 1 — 9, for anyw N (W, €), we have

H Fiw)— F(w.) —| If(w)— HSLC(S’B)nW_W* +L w—w, C(i’&

where C (g, 8) is define in (9).

_he abovd ®¥ a_s a d rect consequence of 3 - % a? and the un on bound
_he rest of the proof s ¥ ¥ ar to those bf heot® s, and ?_ e rst der ve a counterpart of

3 |underl}"r a4 Cv bnng ,Dwthi'e“'r a4 w,th probat¥ t ‘Jeastl—é»wehave
{

| F@ - Fow - FA(VAV)— Fow.)|

SLC(E,é)nvv—vwk LW w /C(f"6>+2L€ )

SLC(S,é)nw—w* L /C(i6)+LC(§,6)s+LE C(a;,é)ﬁl_s_

ubst tutng 4 ) and 33) nto 3 8) w, th probal¥ _ty atf east 1 — 23 we have
{

-—

> \
. A
F(W)_F(W)+§ W — W, 2
- 2
SLC(E’a) W W +Lw—w, 2 C(s,0)
n n o
y MIog(28) Fmw. o [SLF Dog(2/%) ‘
n n
+92le W—w, +Le W—w, C(E,6)+LC(5,5)enw—w* |
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>

T0 get . 4) we subst tute
(

= 2
W — Wy ’

~| >

\/ﬁ L2C (g, 6 W — W, 2
_|_
/8LF., log (2/%) 8LF log (278) AN 9
+ - w—w,
4
.nto 4,) and then obta n
F (%) = F (w.)

_LCEd) w—w, ’ N L2C(s, 5) W —w, > 2™ log(2/3) W — w, . 8LF. log(2/9)
- n n An

_W*

+2Lle w—w, +L& w—w,

i24R2LC(€,6) N 4R%L2C (g, ) 4RM log(2/6 8LF 1og(2/6)
- n An An

+ <4RL+2RL C(E’E’) 2RLC(&,9) )

wh, ch proves v4)
SO et Y we subst tute
2M log(2/8) w —w, 8M?21og?(2/8) A
< + =
n AnZ2 8
- w. 8LF, log(2/9) < 32LF, log(2/9) n A
n AN 16
32L°e* A
A 3
2 2
Le & —w. C(g,9) - 16L°C(g,0)e® A o 9
n An 64
LC(g,d)e W — w, 16L2C%(e)e2 N _ 9
= + = W
n AnZ2 64

~

2le w—w, <

.nto 4,) and then obta n

\
W—w, 2

F(w) —F(wy) +

o B>

_LC(&8) w—w, LW 2 C(s,9) N 8M21og?(2/8) N 32LF, log(2/8)
n n AnZ An
(32|_2 N 16L2C (g, 8) N 16L202(s)> .2
A An AnZ2
SN wW—w, 2N 8MZ2log?(2/8)  32LF,log(2/8)
= 25L Ty W o An2 + An
N (32L2 N 16A N 16A° >32
A 25 62512
MLS16N PO 8M2log?(2/3) N 32LF, log(2/3) N <32|_2 N 4167\> 2
T 25 * An2 An A 625

_|_

22
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By subtractng A W —w, 2/4{% both's des we b P ete the proof of , ¢) _
\

Appendix E. Proof of Theorem 7

_\e\ cons, der two cases _In the rst case we assh e that
N 1
wW—w, < ﬁ
. ~nce H (:).s L% oothand r(-) s P L psch tz contnuous we have
k)
F (W) —F(w.) =H(W) + r(w) —H(w.) —r(w.)

~ ~

sw-—w,, H(w,) +— W—w, 2+ P w—w, 4)

2
~ . N M+ P L
= W—Ww, H(w,) +§ W—w, 2+P w—w, < 2 +W

-—

where thd ast step uf zes Jensen s _nequd ty

)
H(W*) = HE(x,y)ND[ ( Wi, X !y)]H = E(x,y)N]D)[ ( Wi, X !y) ]‘S M.

Next we study the case
n
v . 9y we have
{

F(W)—F(W*)—l-ﬁ w—w, >

2
< FW)— Fwo)—[ FW)— FW),W—w, + F(wy)— F(w,),W—w,
= HW)— HWw,)—[ HW)— HWw.),Ww—w. + H(w,)— H(w,),w—w,
< sup < Hw)— H(w.)—] Hw)— Hw.),w w*>

wi| W w | < [—w |

)

»

: {
& rstbound By o ufl_ze the fact the rand® vagabe W —w, ¥ es,n the range (1/n? 2R}

weldevé op the f&f OIW/ ndey a_
Lemma 5 Under Assumptions 7 and 8, with probability at least 1 — 9, for all

1
) <y=2R
the following bound holds:

sip ( H(w) = H(w.)—[ A(w)- ﬁ(w*)],w—w*>s%¥<g+ 210g5>

Wi w—w. | < 0

where s = 2log,(Nn) + log,(2R) .
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Based on the abovd ¥ & we have w, th probaty _ty aff east 1 — 3

~ 2
81S4wa Wy

s LC w;i—w, 2
_ (8—1— 2log> == R 44)
n 0 n {

where C_s d& ned n_ 3)_
L then proceed td hand e By wh, ch can be upper bounded, n the e wayas Ay In part cdl ap
we hawe the 8 ownd¥®¥ a_

Lemma 6 Under Assumptions 7, 8, and 10, with probability at least 1 — 3, we have

H Hiw,) —  FA(w.)|| = 2M10s(2/0)

8LH. log(2/3 c
= + B(2/0), 49
n n {
. ubsttutng 44) and 4 s/nto_ 43) w,th probal¥ ty aff east 1 — 23> we have
5 { { {

F(@)—F(w*)Jrg W —w, 2

LC w~w, 2 2Mlog(2/3) w — w,
< v +

44)
8LH, 1 '
n n n
A‘e\\subst/tute
LC wi—~w, 2 L2C2w—w,2 A _ 9
V— = + - W — W* )
n AN 4
@ —w. 8LH., log(2/9) - 8LH, log(2/9) n A P
n AN 4
,nto 4+) and then have
{
_ L?C? w—w, >  2Mlog(2/3) w —w, LH. log(2/5
F(#) = F(w,) < W W T 0g(2/8) w—w +8 0g(2/9)
AN n AN
L V4R?L2C? 4RM log(2/8)  SLH, log(2/5)
i< + .
AN n AN
(% b n ng the above nequdty w,th 4 ) we obtan 5)
4,0 prove, 4 we subst tute

2M log(2/8) w — w, - 8M2log?(2/8)

+ A w—w, >
n An2 8 s
& —w. 8LH, log(2/9) - 16LH, log(2/5) n A P
n An 8
,nto 4+) and then have
‘ A
F(vAv)—F(w*)JrZ W —w, 2
_LC Wi w. 2 N 8M2log?(2/3) N 16LH, log(2/8)
n An2 An
L1 N 5  8MZlog?(2/8)  16LH, log(2/3)
== w—
ST W W + 2 + N .
(% b n ng the above nequd ty wth 4 ) weobtan )
{

{

S
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Appendix F. Proof of Lemma 5

Erst we partton the range (1/n%,2R] nto s = 2log,(n) + logy(2R) consecut ve sé¥ ents
A1, Ag, ..., Ag such that

2k—1 2k

Ak = ?l ﬁ ) k == 1’ . ,S
——
=Yy ::'y:

- hen» we cons der the casey Ay, for av xed v& ue of K _ _‘%\ have

sup < Hw)— H(w.)—] Hw)— ﬁ(w*)],w—w*>

wi||lw—w || <y

< s { HW)= Hw)=[ Aw) = Aw)lw-w). '

W[ w—w || <v;f

Based on the McD, & _d s, nequd ty McD,& _d,9 9} and the mac acher ® P ex ty Bart ett
and Mendé& somn b’ we have the f& ow ngr'E'r a to upper bound thdl ast t&

Lemma 7 Under Assumptions 7 and 8, with probability at least 1 — 0, we have

sup +< H(w)— H(w.)—[ H(w)— ﬁ(w*)],w—w*>
Wi [|[W—w|[ <y
4y
L + 2 »
Siy’;]—)<8+\/210gé>. \
. neey Aj» we have
S v =2y, <2y. 49)

'l“ hus w, th probat¥ ty atf east 1 — & we have

sup < H(w)— H(w,) —| ﬁ(w)— ﬁ(w*)],w—w*>

wi[w—w. || <y

4_) 4°) 49 2
i7’i58.i '445% <8+,/210g;>.

ég\; & B ete the proof by ta‘{ ng the un, on bound over S ség ents

Appendix G. Proof of Lemma 7

Td} B_fy the notat on» we d& ne

hz(W) = ( W, X; ,yl'), i = 1,...,n,

I(hy, ... h) = sup < H(w) — H(w*)—:]Z[ hy(w) — hi(w*)],w—w*>.

wl|w—w || <

: : 8
0 upper bound I(hy,...,h,) weud ze the McD, & _ds,nequd ty McD.& ,d,9 9)_
{
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Theorem 8 Let Xy, ..., X, be independent random variables taking values in a set A, and assume

that H : A - R satisfies

sup }H(Xl,...,Xn) - H(X]_,...,Xifl,X;,XZLF]_,...,Xn)’ =C;

Ty, T EA

for every 1 < i < n. Then, for everyt > 0,

2
P{H(Xq,...,X,) —E[H(Xq,...,X,)] =t} <exp <—Z72Lt02>

i=1"1

As ponted out_n Remark 7 Assumptions 7 and 8% §y the randd functon h;(-) s L
% ooth and thus
| hi(w)— hiw,),w—w, |<Lw-—w, 2<L (y]j)Q.

As a resd t when a rand® funct on h; changes the rand® varab e I(hy, ..., h,) can change by

nd ore than 2L (y,j)an -0 see th s we have
huyee o) = 1(hy ey B, B Ry D)
( hiw) = hi(w.)—[ hiw)— hi(w.)],w—w.)<

5o
r
—~
~<
=4
SN—
Do

= sup

W[ ww || <)

McD & _ds nequd ty¥ P es that w th probaty ty aff east 1 — &

|(h1,...,hn)SE[l(hl,...,hn)]+L(y;)2,/%1og%. 5)

o
,hy) and 4,..3, nben/fdgv&aat a

S|

Let (h},...,h) be an_ndependent copy of (hy,... ' v
cher var ab es w,th equd probab¥ ty of be ng =1 ®s ng techn ques of vad® acher %

. Bark ett and Mendé& sons } we bound E [I(hy, ..., h,)] as f® ows.

{
B, h"[ L < Hiw) = Hwa) = =30 hylw) - hi<w*>],w—w*>]

77777

[w—w || <y

1

ZﬁEhl,...,hn [ sup
willw—w. || <o

3

By

10
=1

R, [Z< hi(w) — hg(W*)’W_WO -

i=1

1
=—En, hohl, h’n[ sup
W w—w || <0
Z< hl(w) — h;(w*),w—w*>—z h;(w) — hi(w*),w—w*]

=1
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1
= Bh b b e een sup
n . <~t
wi[w—w. | <7y

n

>
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v V_

Note that X?_s 2a L psch tz 0\§ —a,a) and p;(w)+0;(w) [-2y/D B,2y, D [3]7', hen
fi» thecd par son thecﬁ'e of vade achercd B ex tes Ledoux andTi agrand> , 99, ) _n part,
charT¥Y a “of Me r and Zhang | ?) we have (

{

n

sup i (Pi(w) + Gi(w))?

wil|w—w. || < =1

E

n

sup Y i (pi(w) + qi<w>>] )

wi[|w—w.||<v} =1

<4y, D\/BE

-_—

n n
<4y D\/B (E sup Z Pi(w)| +E sup Z iQi(W)]> :
Wil w—w.||<v =1 Wil w—w. || <y i=1
. ¥ Jaby wehave
n
E|  sup > i(piw) - qi(W))2]
wi[[w—w. || <yl =1 %
S4y2‘D\/E (E sup Z Pi(w)| +E sup Z Zqz(w)]> .
wi[[w—w. || <y =1 wil|w—w.||<v =1
v bnng, s ), ), and | 4y we arr, ve at
\ { |
n
E sup Z i hi(w)— hj(w,),w—w, ]
w[[w—w. || <y =1
Sf
<2y, DVB [ E sup Y ipi(w) | +E sup Y iQi(X)]
Wil w—w. || <y i=1 wi[[w—w.||<y) =1
:2‘61 =Cy
_‘i\ proceed to upper bound C; _n_ ) Fd ourda nton of p;(w) we have
|
‘pi(w) - Pz‘(W/)‘ = ’v%| /( W, X ,Yi) — /( w,x; ,yZ‘)‘
S\/E’ W, X, — W,X; ’ = \/ﬁ| Xi, W— W, — X;j, W — W, }
App y,ng the % par, son theot® of %He acher % B ex tes agan we have
n
Ci = \/EE sup Z i X, w—w, | =Co. R <)

wi|w—w. [|<v =1 {
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