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A Proofs of Lemmas for Supporting Theorem 1

A.1 Proof of Lemma 4

Let Ωw include the subset of non-zeros entries in w∗ and Ω̄w = [d] \Ωw. Define

G(w) = g(w) + max
λ∈∆

−h(λ)−w⊤Aλ,

Ĝ(w) = g(w) + γw‖w‖1 +max
λ∈∆

−h(λ)−w⊤ÂR⊤
λ− γλ‖λ‖1.

Let v ∈ ∂‖w∗‖1 be any subgradient of ‖ · ‖1 at w∗. Then, we have

u = ∇g(w∗)−ARR⊤
λ̃+ γwv ∈ ∂Ĝ(w∗).

4

Using the fact that ŵ minimizes Ĝ(·) over the domain Ω and g(·) is α-strongly
convex, we have

0 ≥ Ĝ(ŵ)− Ĝ(w∗) ≥ 〈ŵ −w∗,u〉+
α

2
‖ŵ −w∗‖22

=
〈
ŵ −w∗,∇g(w∗)−ARR⊤

λ̃+ γwv
〉
+
α

2
‖ŵ −w∗‖22.

(21)

By setting vi = sign(ŵi), ∀i ∈ Ω̄w, we have 〈ŵΩ̄w
,vΩ̄w

〉 = ‖ŵΩ̄w
‖1. As a result,

〈ŵ−w∗,v〉 = 〈ŵΩ̄w
,vΩ̄w

〉+ 〈ŵΩw
−w∗,vΩw

〉 ≥ ‖ŵΩ̄w
‖1−‖ŵΩw

−w∗‖1. (22)

Combining (21) with (22), we have

〈
ŵ −w∗,∇g(w∗)−ARR⊤

λ̃

〉
+
α

2
‖ŵ−w∗‖22 + γw‖ŵΩ̄w

‖1 ≤ γw‖ŵΩw
−w∗‖1.

(23)

4 In the case that g(·) is non-smooth, ∇g(w∗) refers to a subgradient of g(·) at w∗. In
particular, we choose the subgradient that satisfies (24).



From the fact that w∗ minimizes G(·) over the domain Ω, we have

〈∇G(w∗),w −w∗〉 = 〈∇g(w∗)−Aλ∗,w −w∗〉 ≥ 0, ∀w ∈ Ω. (24)

Then,

〈
ŵ −w∗,∇g(w∗)−ARR⊤

λ̃

〉

= 〈ŵ −w∗,∇g(w∗)−Aλ∗〉+
〈
ŵ −w∗, A(I −RR⊤)λ∗

〉
+
〈
ŵ −w∗, ARR

⊤(λ∗ − λ̃)
〉

(24)

≥ − ‖ŵ −w∗‖1
(∥∥A(I −RR⊤)λ∗

∥∥
∞ +

∥∥∥ARR⊤(λ∗ − λ̃)
∥∥∥
∞

)

(14)
= − ρw‖ŵ −w∗‖1 = −ρw

(
‖ŵΩ̄w

‖1 + ‖ŵΩw
−w∗‖1

)
.

(25)

From (23) and (25), we have

α

2
‖ŵ −w∗‖22 + (γw − ρw)‖ŵΩ̄w

‖1 ≤ (γw + ρw)‖ŵΩw
−w∗‖1.

Since γw ≥ 2ρw, we have

α

2
‖ŵ −w∗‖22 +

γw
2
‖ŵΩ̄w

‖1 ≤ 3γw
2

‖ŵΩw
−w∗‖1.

And thus,

α

2
‖ŵ −w∗‖22 ≤ 3γw

2
‖ŵΩw

−w∗‖1 ≤ 3γw
√
sw

2
‖ŵΩw

−w∗‖2 ⇒ ‖ŵ −w∗‖2 ≤ 3γw
√
sw

α
α

2sw
‖ŵΩw

−w∗‖21 ≤ α

2
‖ŵ −w∗‖22 ≤ 3γw

2
‖ŵΩw

−w∗‖1 ⇒ ‖ŵΩw
−w∗‖1 ≤ 3γwsw

α
γw
2
‖ŵΩ̄w

‖1 ≤ 3γw
2

‖ŵΩw
−w∗‖1 ⇒ ‖ŵΩ̄w

‖1 ≤ 3‖ŵΩw
−w∗‖1 ⇒ ‖ŵ −w∗‖1 ≤ 12γwsw

α
‖ŵ −w∗‖1
‖ŵ −w∗‖2

=
‖ŵΩw

−w∗‖1 + ‖ŵΩ̄w
‖1

‖ŵ −w∗‖2
≤ 4‖ŵΩw

−w∗‖1
‖ŵ −w∗‖2

≤ 4
√
sw‖ŵΩw

−w∗‖2
‖ŵ −w∗‖2

≤ 4
√
sw.

A.2 Proof of Lemma 6

First, we assume ‖u‖2 = ‖α



Thus, with a probability at least 1− δ, we have

∣∣u⊤RR⊤v − u⊤v
∣∣ ≤

√
c

m
log

4

δ

provided (10) holds.
We complete the proof by noticing

∣∣u⊤RR⊤v − u⊤v
∣∣ = ‖u‖2‖v‖2

∣∣∣∣
u⊤

‖u‖2
RR⊤ v

‖v‖2
− u⊤v

‖u‖2‖v‖2

∣∣∣∣ .

A.3 Proof of Lemma 7

First, we define

Sn,16sλ = {x ∈ R
n : ‖x‖2 ≤ 1, ‖x‖0 ≤ 16sλ} .

Using Lemma 3.1 from [25], we have Kn,16sλ ⊂ 2 conv(Sn,16sλ) and therefore

U4 ≤ 2 sup
z∈conv(Sn,16sλ

)

∥∥A(RR⊤ − I)z
∥∥
∞ = 2 sup

z∈Sn,16sλ

∥∥A(RR⊤ − I)z
∥∥
∞

︸ ︷︷ ︸
:=θ

(28)

where the last equality follows from the fact that the maximum of a convex
function over a convex set generally occurs at some extreme point of the set [27].

Let Sn,s(ǫ) be a proper ǫ-net for Sn,s with the smallest cardinality, and
|Sn,s(ǫ)| be the covering number for Sn,s. We have the following lemma for
bounding |Sn,s(ǫ)|.
Lemma 8 [25, Lemma 3.3] For ǫ ∈ (0, 1) and s ≤ n, we have

log |Sn,s(ǫ)| ≤ s log

(
9n

ǫs

)
.

Let Sn,16sλ(ǫ) be a ǫ-net of Sn,16sλ with smallest cardinality. With the help of
Sn,16sλ(ǫ), we define a discretized version of θ in (28) as

θ(ǫ) = sup
{∥∥A(RR⊤ − I)z

∥∥
∞ : z ∈ Sn,16sλ(ǫ)

}
.

The following lemma relates θ with θ(ǫ).

Lemma 9 [17, Lemma 9.2] For ǫ ∈ (0, 1/
√
2), we have

θ ≤ θ(ǫ)

1−
√
2ǫ
.

By choosing ǫ = 1/2, we have θ ≤ (2 +
√
2)θ(1/2). Combining with (28), we

obtain

U4 ≤ 2(2 +
√
2) sup

{∥∥A(RR⊤ − I)z
∥∥
∞ : z ∈ Sn,16sλ(1/2)

}
︸ ︷︷ ︸

θ(1/2)



Furthermore, Lemma 8 implies

log |Sn,16sλ(1/2)| ≤ 16sλ log

(
9n

8sλ

)
.

We proceed by providing an upper bound for θ(1/2). Following the arguments
for bounding U1 in the proof of Lemma 5, we have with a probability at least
1− δ,

∥∥A
(
RR⊤ − I

)
z
∥∥
∞ ≤

√
c

m
log

4d

δ

for each z ∈ Sn,16sλ(1/2). We complete the proof by taking the union bound
over all z ∈ Sn,16sλ(1/2).

B Proof of Theorem 2

The analysis here is similar to that for Lemma 1. Recall that in the proof of
Theorem 1, we have proved that

γλ ≥ 2‖A⊤w∗‖2
√

c

m
log

4n

δ
≥ 2

∥∥(RR⊤ − I)A⊤w∗
∥∥
∞ (29)

holds with a probability at least 1− δ.

Define

L̂(λ) = −h(λ)− ŵ⊤ÂR⊤
λ− γλ‖λ‖1.

Using the fact that λ̂ maximizes L̂(·) over the domain ∆ and h(·) is β-strongly
convex, we have

〈
λ̂− λ∗,∇h(λ∗) +RR⊤A⊤ŵ

〉
+
β

2
‖λ∗ − λ̂‖22 + γλ‖λ̂Ω̄λ

‖1 ≤ γλ‖λ̂Ωλ
− λ∗‖1.

(30)

On the other hand, we have

〈
λ̂− λ∗,∇h(λ∗) +RR⊤A⊤ŵ

〉

=〈λ̂− λ∗,∇h(λ∗) +A



From (30) and (31), we have

β

2
‖λ∗ − λ̂‖22 +

γλ
2
‖λ̂Ω̄λ

‖1

≤3γλ
2

‖λ̃Ωλ
− λ∗‖1 + ‖λ̂− λ∗‖2

∥∥RR⊤A⊤(ŵ −w∗)
∥∥
2

≤3γλ
√
sλ

2
‖λ̃Ωλ

− λ∗‖2 + ‖λ̂− λ∗‖2
∥∥RR⊤A⊤(ŵ −w∗)

∥∥
2

≤‖λ̂− λ∗‖2
(
3γλ

√
sλ

2
+
∥∥RR⊤A⊤(ŵ −w∗)

∥∥
2

)

which implies

‖λ∗ − λ̂‖2

≤ 2

β

(
3γλ

√
sλ

2
+
∥∥RR⊤A⊤(ŵ −w∗)

∥∥
2

)

≤ 2

β

(
3γλ

√
sλ

2
+ ‖A⊤(ŵ −w∗)‖2 +

∥∥(RR⊤ − I)A⊤(ŵ −w∗)
∥∥
2

)

≤ 2

β

(
3γλ

√
sλ

2
+
(
1 + ‖RR⊤ − I‖2

)
‖A⊤(ŵ −w∗)‖2

)
.

C Proof of Theorem 4

The proof is almost identical to that of Theorem 1. We just need to replace
Lemmas 1 and 4 with the following ones.

Lemma 10 Denote

ρλ =
∥∥(RR⊤ − I)A⊤w∗

∥∥
∞ + ς. (32)

By choosing γλ ≥ 2ρλ, we have

‖λ̃− λ∗‖2 ≤ 3γλ
√
sλ

β
, ‖λ̃− λ∗‖1 ≤ 12γλsλ

β
, and

‖λ̃− λ∗‖1
‖λ̃− λ∗‖2

≤ 4
√
sλ.

Lemma 11 Denote

ρw =
∥∥A
(
I −RR⊤)

λ∗
∥∥
∞ +

∥∥∥ARR⊤(λ∗ − λ̃)
∥∥∥
∞

+ ς. (33)

By choosing γw ≥ 2ρw, we have

‖ŵ −w∗‖2 ≤ 3γw
√
sw

α
, ‖ŵ −w∗‖1 ≤ 12γwsw

α
, and

‖ŵ −w∗‖1
‖ŵ −w∗‖2

≤ 4
√
sw.



C.1 Proof of Lemma 10

From the assumption, we have

〈
λ̃− λ∗,∇h(λ∗) +RR⊤A⊤w∗

〉

=
〈
λ̃− λ∗,∇h(λ∗) +A⊤w∗

〉
+
〈
λ̃− λ∗, (RR

⊤ − I)A⊤w∗

〉

(12)

≥ − ‖λ̃− λ∗‖1
(∥∥(RR⊤ − I)A⊤w∗

∥∥
∞ + ς

)

(32)
= − ρλ‖λ̃− λ∗‖1 = −ρλ

(
‖λ̃Ω̄λ

‖1 + ‖λ̃Ωλ
− λ∗‖1

)
.

Substituting the above inequality into (17), and the rest proof is identical to
that of Lemma 1.

C.2 Proof of Lemma 11

Similarly, we have

〈
ŵ −w∗,∇g(w∗)−ARR⊤

λ̃

〉

= 〈ŵ −w∗,∇g(w∗)−Aλ∗〉+
〈
ŵ −w∗, A(I −RR⊤)λ∗

〉
+
〈
ŵ −w∗, ARR

⊤(λ∗ − λ̃)
〉

(11)

≥ − ‖ŵ −w∗‖1
(∥∥A(I −RR⊤)λ∗

∥∥
∞ +

∥∥∥ARR⊤(λ∗ − λ̃)
∥∥∥
∞

+ ς
)

(33)
= − ρw‖ŵ −w∗‖1 = −ρw

(
‖ŵΩ̄w

‖1 + ‖ŵΩw
−w∗‖1

)
.

Substituting the above inequality into (23), and the rest proof is identical to
that of Lemma 4.


