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Definition 1 Let f(x) : K — R be a function over K. It is
called [B-smooth over K if for all x,y € K

( f(x),y—x +§ y—X 3

fly) < f(x)+
Definition 2 Let f(x) : K — R be a function over K. It is
called a-strongly convex over IC if for all x,y € K

F6) 2 Fe+( f).y—x +5 y—x 3.

a1/ gl = Tk

. n
argming e f(x),G W Y 4 H (2015) ®

x—x" 3 < f(x) - f(x") (1)
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Definition 3 A convex set IC € E is called a-strongly con-
vex with respect to anorm - ifforanyx,y € K, vy € [0,1]
and z € E such that z =1, it holds that
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Assumption 1 The diameter of the convex decision set K is
bounded by D, i.e.,

Tl

X—-y 25D
forany x,y € K.

Assumption 2 At each round t, the loss function fi(x) is
G-Lipschitz over K, ie.,

Jix) = fily) <G x—y »
forany x,y € K.

e ,.,

Algorithm 1 OFW /¢ Lig 8 7

¥

1: Inputie TN ‘IC,n

2: Initialization 2 Y2 x, € K

3: fort=1,---,Tdo

4: B fig Ft(x):nZiﬂ( fr(x:),x + x—x;1 3

5: vy € argmin( Fi(xy),x
xeX

6: oy =argmin(o(v; —x;), Fy(x¢) +0% vi—x; 3
o€[0,1]

7 Xt+1 :Xt—f—O't(Vt _Xt)

8: end for
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T=1
1 vy

g‘e 2 oy ge & frg=X p Ot e‘, e e
ALY W n 2016), OFWrX‘ nYo(r 3/4 vy
o =0V g V0T34, le ;
' k- k,ga R O(t—1/2)-m« AR
‘e 5o g~ ﬂe Ll s \e.‘?o-

,gq.z& %FW ‘\‘,z ";rl“p‘ : (G‘}s . A H i
r12015) Hﬂ? gﬁ T = e N2 ip D R
’3/* 2 0¢ M ‘ ‘

o = argmin{o(vy — x;), Fy(x¢) +0% vi —x; 3.

o€l0,1]

Tei ,‘l\y '4-14:,1 e,zrrxl,xelgﬂAg.k rl.
r‘x R x % hzﬂ-yau chn 9
'fF Al zygn\ﬁ-

I\n}{k x)k “rk‘? z»l
fOFWNg s A fiz t,er,‘ep‘

‘f
:X e“[llv e.zea—"e . 1{.’/ .."‘f,.
Ag«"‘i“glm e w

Lemm‘d 1 Let K bé an a i -strongly convex set with respect
to the o norm. Let x§ = argmin, - Fy_1(x) forany t €
[T + 1], where Fy(x) is defined in (3) Then, for any t €

[T + 1], Algorithm I withn = m has
Fi_1(x;) — F, (x*)<e—L
t—1\X¢ t—1\&¢ ) = €& — (t—|—2)2/3

where C' = max (4D2 4096) .
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T
SZ}( fi(xt), % —x" (6)
T
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e e e s
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Lemma 3 (Lemma 6‘6 of Garber and Hazan (2016)) Let
{f:(x)}L_, be a sequence of loss functions and let x; €

argmin, . S\, f-(x) for any t € [T). Then, it holds that

T T
Zﬁ(xt) *I}glei}chft(X) <0

T e 3 A R B fiG) = () fulb)x +
Xx—x1 53 8:t=1 ‘ft() (n ft(xt)\x ¥:n
t> 2. Wioa~— Ft()_ZT x) o xf ., =
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LEEEERR O LA
T T
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Proof of Theorem 2
k fi(x)=( filx)x +5 x—% zi’, a te[T]
x; V= argming e Fy—1(x) i’,. nt=3%"" T+1
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Lemma4 (Lemma 6.7 of Garber and Hazan (2016)) For
anyt € [T, the function fy(x) = ( fi(x¢),x +3 x—%; 3
is (G + AD)-Lipschitz over K.

B ;»;,1 ek reri 4 g, o t=3, , T+1,4

Fia(x-1) = Fra(xg)
=F—a(x;_y) = Froa(x}) + fima (xi_1) = fior (x7)
<(G+ AD) xj_; —x; 2.

Mg e, 1age-e > Fy(x) % tAx o rkg‘ =
t=3,,T+1,A % |

2(F -1 (xp_y) — Froa(xy))

X1 T X S (t— DA
206G+ AD) x;_1 —x} 2
= = 1)x

1’:&, Ps.7: p t=3,-~-,T+1,’:¥‘ ‘s

i} . _2(G+AD
Xi1 — Xy 2<( )

< (11)

B ! 2k e 2 :,i I O I

==
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T
S(G—i-)\D)Z X; — X} 2
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T
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t=2
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T
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Lemma5 (Derived from Lemma 1 of Garber and Haz- Skﬁ"£+2)2/3 < (t—|—1)2/3+1 ¥:npt>0a X &
an (2015)) Let f(x) : K — R be a convex and ;- e, Y

smooth function, where IC is a-strongly convex with re- \ Y ‘2 /3
spect to the {3 norm. Moreover, let X;, € K and Xou = (t+2) ( + 1) > 2
Xin + 0'(V — Xin), where v € argmin, . ( f(Xin), X and (t+1)2/3 ( Vs )Lrs (t+1)/3
0'2 ’
o' = argmin, o 11(0(V—Xin), f(Xin) + ff V—Xi, 3. N T ,-H'}.;‘i\*‘
For any x* € argmin, . f(x), we have vy _
he < (14 —2 ) [1- -0k 3¢
f(Xout) — f(x*) L= (t+ 1)1/3 32(t + 1)1/3
. 1 ax  f(Xin) 2
<(f(xin) — f(x")) max (271—8@ - < (1+
W a4 R 1(N 291§, g T +1].B
. \},gk 50l f(x) =VF Xx \1 Xin = X¢—1,

f rltE[T—l—l]r! 2 Xout = X¢ [l

1 Fi_ _
hy <h(x;—1) max <71 ax -1(xi-1) 2>~

277 16
(I7)
B—e 15016, (7) A 1+ b < Sa5 <
(XKHVFtEé(xt—l)\b,ki, 1 e /““
Y Y Yy
< 3e =3¢
4 4 (t+1)%/3
__C_ a@+2pn (18)
T (t+2)2/34(t +1)2/3
< 70 =
= (v
. L. I Ny , 3(t+2)%/3
‘:"egﬂ"t 2“31 nk‘xl’ﬁ‘mglfﬂp
t> 2.
e ol ag||VFi—1(xt—1)ll2 N " N
M5 > 16 , ent R IR
Fa  adhe(xi1) < 290 ke Yo \i“
\ TRy \ vy
3C
hy < ht(thl) < W < g (19)
*"ee.ﬂ’e\‘ B l‘zln o '::‘11.”(18)
"—" VA A (X 1)‘> W,'l
Iy

, Fi_ _
<hi(x¢-1) (1_ oK tlé(xt ) 2)

<es (1 ) (1~ )
<er1 (1 + W) (1 - Wm)

16

(t—|—2)2/3 1 (077 3C
<ot (U e ) (1 i 3z<t+1>/>
/‘\’.ei’e "-’r\n‘kﬁ m\‘g\‘:«'(m) “X C\\n-

S S x‘ le  (2).
Y Y
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